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CONTINUITY AND DISCONTINUITY IN ITALIAN MATHEMATICS
AFTER THE UNIFICATION: FROM BRIOSCHI TO PEANO

A period of renewal for Italian mathematics stdrt@ith the Italian
Risorgimento in the middle of the i @entury. A previous one had occurred
at the end of the 18century during the Napoleonic period, when a phrti
unification of Italy took place. In the first hatff the 19" century ltalian
mathematicians were still essentially linked to riéfe polytechnic models:
among them were Ottaviano Fabrizio Mossotti, AmoBiordoni, Giorgio
Bidone, and Giovanni Plana. These models had uonderg crisis in France,
too, following the development of mathematical sesh in the German
universities which had opened up new horizons (8teiJacobi, and Mobius).
The young Italian mathematicians who measured tak@s with the highest
scientific level understood that they had to twrite German schools, above
all those of Berlin and Géttingén

Elements of continuity can also be pointed out,ibuhis case the main
element of novelty with respect to the previousaion was a deep change in
the direction of mathematical research with the meWrence point of the
German schools and their emerging ideas and cosceytich can better
explain the birth and the progress of a new schbthlian mathematicians at
an international levél

1. Political unification. Renewal of scientific research and education

As the Napoleonic period drew to a close, in Itaftellectual energies
which had been released, producing both a civic smehtific renewal now
were forced to retire into themselves. Many sc&stivho had collaborated
with the Jacobean Republics or the Napoleon govenbrwere forced into
exile, an example being Ottaviano Fabrizio Mosseltto, in 1823, emigrated
first to London and then to Argentiha

In the period prior to the Unification there waswever, no lack of good
scholars of mathematical sciences in ltaly, likan@l in Turin, Paoli and

! Abregé d'histoire des mathématiques 1700-1960.) J. Dieudonné, 2 vols, Hermann, Paris 1926,
matematica in Italia (1800-1950(eds) E. Giusti & L. Pepe, Polistampa, Firenze120

2D. J. Struik Matematica: un profilo storicaith an appendix by U. Bottazzini, Il Mulino, Bgjoa 1981.
% Universitari italiani nel Risorgimenta(ed.) L. Pepe, Clueb, Bologna 2002.
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Mossotti in Pisa, Bellavitis in Padua, Fergola iaphs, Ruffini in Modena,
and Bordoni in Pavia, but political upheaval andision had resulted in a
lack of common scientific activity and of efficientganisation at university
level. It was not easy to disseminate the resudlisesv scientific research in
spite of several scientific congresses held iry lbetween 1839 and 1847. The
year 1848 brought about a new period in Italy anBurope, as well as a new
generation of scientists who took an active partbath the political and
cultural activity of the ItalianRisorgimento At the forefront we find
Francesco Brioschi, Enrico Betti and Luigi Crembna

Francesco Brioschi (1824-1897), a pupil of Antomordoni at the
University of Pavia, where he graduated in engingerin 1845, was
politically active within the Lombard patriotic mement inspired by
Giuseppe Mazzini. He took part in the insurrectodrthe Five Days of Milan
against the Austrian government (18—22 March 1848}, of the most famous
events of the First War of Independence which ledthe liberation of
Lombardy. He was imprisoned on the first day of iseng and was freed by
the insurgents. After the Austrian restoration betimued to participate in the
Lombard resistance and in 1849 he was a membdreo€Céntral Committee
of Milan. Enrico Betti (1823-1892), together witls hprofessor Ottaviano
Fabrizio Mossotti and other students and professbte University of Pisa,
took part in the battle of Curtatone and Montar(2€{' May 1848), where a
division composed of battalions of Tuscan univesistopped the advance of
the Austrian army. As a member of the battaliorPwfa there was also the
future physicist Riccardo Felici, a disciple of Mo#i and Carlo Matteucci
who studied electro-magnetic phenomena. Luigi Crem@830-1903) was
among the 160 voluntary Neapolitan students whit8#8 arrived in Pavia to
support the temporary government of Milan, whicl baen set up against the
Austrians. He displayed heroic qualities in theedek of the Venetian
Republic. On his return from the war he enrolledhi@ University of Pavia to
study under the guidance of Bordoni and Briosahigéneral, the best Italian
mathematicians and scientists of that period tookdaive part in the fight for
the Italian independence and, with the constitutibthe united state, assumed
important government posithe years 1858-1860 constituted a crucial period
for political activity and scientific renewal inally: between 28 April 1859
and 12" July 1859 the Second War of Independence was fcuefiveen the
French—Piemontese and Imperial Austrian armiesptitvéome of which led to
a partial unification by the annexation of Lombartty the Kingdom of
Sardinia laying the foundations for the constitntas the Kingdom of Italy.

The same years witnessed other significant ewsdrgweeping changes in
the development and direction of Italian mathensaficom 1858 on there was
the publication in Italy of the first journal deeat exclusively to mathematical

! Their collected papers in national editio@pere matematiche di Francesco BriosdHbepli, Milano
1901-1909, 5 volpere matematiche di Enrico Befld. Accademia de’ Lincei, Hoepli, Milano 1903-1923,
vols, Opere matematiche di Luigi CremqriR. Accademia de’ Lincei, Milano, Hoepli, 1914-79B vols. The
edition of their scientific correspondence foundtie Archives and Italian Libraries has proved ¢oabgreat
source for the reconstruction of that glorious geriSeeFrancesco Brioschi e il suo tempo (1824-18%&jis.)
C. G. Lacaita & A. Silvestri, Franco Angeli, Milari2®00—2003, 3 vols.
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research: thénnali di Matematica Pura ed Applicatubstituted the previous
journal called theAnnali di Scienze Matematiche e Fisicfide title of the
new journal took its inspiration from Liouville’smous journal, but was also
modelled orCrelle’s Journal The editorial board was composed of Francesco
Brioschi, Enrico Betti, Barnaba Tortolini and Angebenocchi. It became an
important vehicle for the dissemination abroad tdlian mathematical
research as well as providing Italians with an tpda the development of
research from other countries. TAanali were initially edited by Tortolini at
the headquarters in Rome, but, in 1867, were tearesf to Milan where
Brioschi took over as editor, at first in collabooa with Cremona, and then
alone. In the following thirty years until Brios¢hideath other 26 volumes of
the Annali were published with contributions from both Italian aBdropean
scientists such as Lamé, Jacobi, Kronecker, Raadbemite, Cayley, Weier-
strass, Riemann, and Sylvester, witness to theukdtron and development
which Italian mathematical research underwent &t geriod.

The same year, 1858, Francesco Brioschi, Enrictti Bad Felice
Casorati undertook a journey to visit the leadingdpean research centres,
and meet up with the most important mathematiciarerder to discuss new
lines of thought, and establish contacts for furt@laboration with the new
journal. The journey also provided an opportunitycompare organisation
methods for research and higher education. CrenaolaPlacido Tardy, a
mathematician from Genoa and friend of Betti, Belusand Genocchi, were
unable to take part in the journey. Brioschi gat fioung assistant, Felice
Casorati, to accompany him. The journey lasted tlegsa two months, from
20" September toSiNovember 1858, during which time they met almdist a
of the leading French and German mathematicianBehin they spent many
hours with Borchardt, Kronecker, Kummer and Werast and also met
Aronhold and Schellbach. In Géttingen they met Riem Stern, Dedekind,
in Heidelberg, Hesse and Cantor, in Karlsrhue, §eenand Clebsch, in
Leipzig, Mobius, in Dresden, Baltzer and Schlomileh Paris they met
Poncelet, Bertrand, Duhamel, Steiner, Hermite, €saJerquem, Lebesgue,
Prohuet and Bonnet. The only people they were ii¢ & meet were
Dirichlet in Gottingen and Liouville in Paris. Fodr meetings took place in
the following years between Betti and Riemann aetiveen Casorati and
Weierstrass.

2. Changesin the direction of mathematical research in Italy

Brioschi and Betti were well known abroad for thgportant results they
had obtained in several avant—garde research fi¢ldsathematics. They had
managed to break free from the isolation felt bynynather Italian scientists.
The journey and contact with German mathematicvagie to bring about a
great change particularly in the direction of thieiture research and that of
their pupils and more generally on Italian mathecsatvith the circulation of
the Annali. Let us examine this evolution of themes and nugthim the
individuals it involved.

Before their journey Betti and Brioschi’'s point i&ference was mainly
the French and English schools. Brioschi had beepradessor at the
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University of Pavia since 1850 and had developeel tiew theory of
determinants and the theory of forms of two or m@weables, referring to the
studies of Cayley, Jacobi, Hermite and Sylvestée field in which he was
more deeply interested and in which he obtainedensniccess was that of
algebraic equations and the new related algorithmariants, covariants,
algebraic and symbolic forms. His most importarstutewas the solution of
the fifth degree equations which he shared withnkiter and Kronecker.
Consequently, at the end of the 1850s, Brioschestigated the closely linked
theory of elliptic and Abelian functions, to whible contributed new results.

Betti had just returned to Pisa, where he wasgdtamwith a teaching
course at the University. His scientific interesitsthe 1850s, which he had
developed through his contact with his professorpssbtti, and with
Sylvester, concerned the theories of algebraic tesngaand invariants. Betti
had provided the general conditions for solvabibiy radicals and extended
Kronecker’s results on prime degree equations autldemonstrated, for the
first time, theorems formulated by Evariste Galoisl832. From 1853 Betti
worked on the analytic solution of the fifth degrequation by means of
elliptic functions and applied the Galois theorythe reduction of degree of
modular equatiorts Then he focused on invariant theory and on thmiml
ation theory for symmetric functions of the commmoats of two equations.

Of the three mathematicians, Brioschi appears d¢otlie one who
remained most faithful to problems and methods Haat characterised his
first research works. However, also in Brioschi fivel links to the German
authors, mainly to the school of Weierstrass, wilaich particularly evident in
the field of the Abelian functions in the post uretion period. Let us analyse
some of his works written around the year 1858o%&ii published a work on
the division of hyperelliptic integrals, closelylkied to Hermite’s research on
the theory of the transformation of the Abelian dtions in which he
determined the coefficients of homogeneous polyatswhich provide these
transformations However, in the same year 1858, Brioschi pubtistae
memoir on the Abelian functions which develops sqasgs of the theory that
Weierstrass had presented in his celebrated mesh@856, the last one that
Weierstrass wrote on this topic. In the years 18884 in some of his
memoirs strictly linked to those of Aronhold, folng the line of
Weierstrass’ ideas, he accomplished an algebraiactmn of the Abelian
integral, in the case of a cubic equation betwdenvariables, based on the
theory of covariants of the ternary forms. Briosgtoceeded with his research
on the theory of covariants and invariants of byrfarms, which were themes
developed by the English and French schools, usiogever, the symbolic
representation which had been introduced by Arahteid Clebsch. He
continued his studies on the resolution of algebegjuations and reached the
solution of the sixth degree equation by means@tiyperelliptic functions.

1 I. Nagliati, Le prime ricerche di Enrico Betti nel carteggio chiossottiin: Bollettino di storia delle
scienze matematict#®, 2000, pp. 3—86.

2 F. Brioschi,Sur la théorie de la transformation des fonctioh€l@nnesn: Comptes Rendué7, 1858,
pp. 310-313.
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Luigi Cremona (1830-1903) is considered the founolkethe Italian
school of geometry. In Europe a renewal of geomsgpnead from France to
Europe at the beginning of the century, with the teachafgMonge and
Carnot at the Ecole Polytechnique and the pupilthaf school: Brianchon,
Poncelet, and Chasles. But no Italian had takenhipahnis. The new methods
of projective geometry allowed a general and holiseatment of a whole
class of problems that until then only analytic noets had permitted. Of the
Italian mathematicians of that period, Cremona Wasone devoted to pure
geometry and a chair of Higher Geometry was creftetdim at the Univer-
sity of Bologna (1860). Initially his reference w#se French school and
Michel Chasles in particular to whom he gave theditrof having oriented
him to the study of pure geometry after a formatmmich wasexclusively
based on analytic methods. Later his research @odiferent direction after
he had studied the German mathematicians, Steirparticular.

His scientific production is made up of differephases: from his
graduation in engineering and architecture (18%8)tHe chair of higher
geometry in Bologna (1860) he published memoirgeometry which were
inspired by the themes and analytic methods ofnméntors Bordoni and
Brioschi: on the conjugate tangents in contact ggoof surfaces with the
envelopsproperties of the conics and surfaces of secondrgsdace curves.
From 1861 to 1864 he once again took up the thefrspace cubics with
purely synthetic methods and he developed new mrasea third degree ruled
surfaces. Influenced by Steiner's memoir on genpraperties of algebraic
curves which only contained results, but without demcatitns, Cremona
published the general theory of algebraic curvesnfia synthetic point of
view, starting from the theory of polar curves adoog to Grassmann’s
construction (1862), followed by a second treatlsgoted to the geometric
theory of surfaces (1866). The same year he redeare award from the
Academy of Berlin for his memoir on third order faues in which he gave a
synthetic demonstration of properties enunciatethaut demonstration by
Steiner. His most famous research works were tbaskirational transform-
ations, namely the rational biunivocal correspomgenbetween surfaces
which were named after him and which were genextadiss of a concept that
derived from Riemann’s Abelian functions. Cremonaswamed throughout
Europe and the theory of Cremonian transformatidosnd frequent
application to the theory of algebraic curves andages and in systems of
plane curv

3. Theinfluence of Riemann

Betti was greatly influenced by Riemann who hairimed him of his
new ideas on topology. When Riemann came to stddisa in 1863, contact
between the two was renewed on almost a daily bBeisreasons of health,

1 J. Steinerpllgemeine Eigenschaften der algebraischen Cuine@relle’s Journal47, 1854, pp. 1-6.
2 Un secolo di progresso scientifico italiano 1839399.1.P.S., Roma 1939-1940, 7 vols .
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Riemann, who died at the age of forty, spent mb#te last four years of his
life in Italy®.

In 1859 Betti’s translation into Italian of Rienrds doctoral thesis
submitted in 1851 was inserted into thenali di Matematicaas:Fondamenti
di una teorica generale delle funzioni di una vaila complessaBetween
1860 and 1861 Betti published in tenali his own theory on elliptic
functions, inspired by th&heorie der Abel'schen Funktiongrublished by
Riemann in 1857, in which Riemann resolved the ggngroblem of the
inversion of Abelian integrals. In order to worktlvialgebraic functions and
their integrals, Riemann used the concept of sarfgmow calledRiemann
surfacg of an algebraic function. Riemann’s ideas on ladgie topology once
more seem to have had a general influence on 8etidst famous work:
Sopra gli spazi di un numero qualunque di dimerisf@871) (which contains
the so—calledetti's numberseven if Riemann’s texts on thnalysis situs
had not yet been published. In 1868, however, Riersgamous work for his
Habilitation of 1854 had already come oltber die Hypothesen, welche der
Geometrie zu Grunde liegen

Riemann’s methods and ideas were closely linketthéoretical physics,
which represented not only a field of researchdist a source of inspiration
for pure mathematics, so Betti directed his redealso towards mathematical
physics. The first work in 1860 on the propagatéplane waves took up the
memoir by Riemann of the same year and later heyest in mathematical
physics proceeded with a treatise on Newtonianefnpublished in 1879.
Betti transferred the methods that Gauss and Gresh applied to the
integration of Laplace’s equation, to the theowéslasticity and heat. His
results opened up a field of research in Italyl@ninhtegration of equations of
elasticity developed by Cerruti, Somigliana, andyrengenerally, became an
important line of studies of mathematical physicswhich Marcolongo,
Tedone, Almansi, Lauricella, and Levi—Civita cobtried.

Riemann’s influence on Casorati was also importauttin a different
way’. From 1859 on Casorati held the Chair of Introiuctto sublime
calculus and firmly believed that research in ie&lfof the theory of complex
variables constituted the new frontier of matheaosatin accordance with the
image of mathematical analysis of his day, whictdéscribed in an inaugural
lecture to his course (f7January 1864), published only in 1997, are the
research works of complex analysis and in partidhla results of the German
authors, his contemporaries, which developedrrent of ideas, destinedto

! U. Bottazzini,Riemanns Einfluss auf E. Betti und F. CasonmatiArchive for History of Exact Sciences
18, 1977, pp. 27-37, U. Bottazzir¥a pensiero. Immagini della matematica nell'ltali®ll’'Ottocentq Il
Mulino, Bologna 1994, U. Bottazziri,flauto di Hilbert. Storia della matemati¢&tet, Torino 2000.

2 Publ. by R. Dedekind, after Riemann’s death, Atthandlungen der Kéniglichen Gesellschaft der
Wissenschaften zu Goétting&8, 1868, pp. 134-150.

% V. Volterra, Le matematiche in Italia nella seconda meta deblseIX in: Atti del IV Congresso
Internazionale dei Matematicvol. 1, Roma 1908, pp. 53—-65.

4 V. Volterra, Betti, Brioschi, Casorati, trois analystes Italieestrois maniéres d’envisager les questions
d’analysein: Compte Rendu du deuxiéme Congreés InternationaViddisématiciensParis 1902, pp. 43-57.
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dominate to opena boundlessly rich region which is more or lessxine
plored’. Within the European scientific production whice tescribed, only
the German school was able to provide the stimtdusiew research with
general principles of vast influence. Although remmpletely acceptable
today, Casorati’'s description is representativethed opinions that Italian
mathematicians had formed on the new researchifidatrope.

The scene had been set by Cauchy and the exwmaoydiesults in the
theory of the elliptic functions of Abel and Jacabithe years 1828-1829. In
Jacobi’s branch of studies there had appearedomdegoup of works around
the 1850s, by Gopel (1849), Rosenhain (1851), Her(i855), Weierstrass
(1856), and Riemann (1857). It was to the schodtiefnann and his predec-
essor at Gottingen Dirichlet that Casorati attrouthe merit of a definition of
analytic functions based on conditions of contjnuiWeierstrass and Riemann
were the mathematicians who were really committeddéveloping new
theories and Germany, as Casorati shrdught again to the splendour of
Kepler and Leibniz

France had contributed to the new course withrdsearch works of
Hermite on the transformation of Abelian functi@m the applications to the
resolution of fifth grade equations by means oipetl functions (Liouville,
Puiseux, Briot and Bouquet). After being the ceffrioen which mathematical
research radiated at the beginning of the centirgince was now going
through a period of declinat present there are few distinguished scholars of
pure mathematiés No adequate school had been developed, the seeati
themselves had hardly changed and being restrictadficial programmes,
unlike Germany, they all appeared the same, agpiriot to new ideas, but
rather to equip the student with practical appicra through the simplest and
most rapid means possible.

England possessed a number of analysists of gueasth: Cayley,
Sylvester, Boole, Hamilton, and Salmon, but apaomf a few works of
secondary interest by Cayley, the English lineeskarch in mathematics was
mostly concerned with the theory of forms. Unliker@any, in France and
Italy there were no treatises on algebraic analygisch constituted an
introduction to higher analysis. Even the receaatise by Boole (1859), a
good work of revision, dealt with differential edqieas using old methods.
English books, in Casorati’'s opinion, isolated neatlatical activity from that
of the Continent just as had previously happengsr die famous Newton —
Leibniz quarrel. They were developing some aspegtensively and with
great clarity, while completely neglecting others.

In Italy the disproportion was even more markesfioke 1858 only a few
works on elliptic functions were reported in thenali and after the reform of
Brioschi there appeared a translation of Riemanmesnoir on the theory of

L A. Capelo, M. Ferrari & P. MoglidJn discorso di Felice Casorati sull'analisi matericatdel suo tempo
in: L'insegnamento della matematica e delle scienagimate20 B, 3/1997, pp. 209-266.

2 A. Capelo, M. Ferrari & P. Moglid)n discorso di Felice Casorati. , p. 229.
3 A. Capelo, M. Ferrari & P. Moglid)n discorso di Felice Casorati. , p. 234.
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Abelian functions Crelle’s Journal 54, 1857) and Betti’'s monograph on
elliptic functions. Only Enrico Betti, after his ilbiant success of the
resolution of algebraic equations, had given somgortant contributions to
the new field of research with his memoirs on thgelraic functions of a
complex variable.

The school of mathematics at St. Petersburg predemly two memoirs
by Tchebichef on the new line of research on irgkegalculus, in which he
resolved the problem of integration of differergiabntaining a square root of
third and fourth degree polynomials. However, tlodution was extremely
complicated and did not allow further developmerdgsice it must be
considered more as a monument to the fine braitscduthor rather than a
further step on the ladder of progréss

In his description of contemporary mathematiciansh the exception of
Enrico Betti, the authors emphasized by Casoratrewall German:
Weierstrass, Riemann, Roch, Schlémilch, and Sternptire mathematics,
Borchardt and Kronecker for applied mathematicssoCati pointed out the
modernity of these authors in comparison with otless innovative works
linked to an outdated geometric foundatiaich always claimed to rebuild
the construction with new forms of a general geomegture. Among these
latter authors he listed Bjerknes, Mourey, Mariad &layeux and as for
Bellavitis's theory of equipollence, MObius’s baeydric calculus, and
Hamilton’s theory of quaternions he did not seeigh future.

In 1868 Casorati published th€eorica delle funzioni di variabili
complessewhich was also the text for his lessons at thavéfsity of Pavid
This book, in which the ideas and techniques of cdiguWeierstrass and
Riemann are joined, greatly contributed to the etissation, particularly in
Italy, of the theory of functions of a complex \abie, of which elliptic
functions constituted a part.

Casorati also carried forward interesting researark on functions with
multiple periods, following one of Goepel’s crisons of Jacobi’s theorem on
periodicity of Abelian functions of one variableagdrati discussed his results
with Weierstrass in 1864 shortly after the publmain Comptes Rendus

4. The long wave of German influence

The influence of the German schools extendedds#ttond generation of
Italian mathematicians and their pupils. For théper, the most celebrated
and representative have been chosen: Eugenio Belttdlisse Dini, and
Giuseppe Peafio

A pupil of Brioschi at Pavia, Beltrami (1835-1906@came temporary
professor of Algebra and Analytical Geometry in 288 the University of

L A. Capelo, M. Ferrari & P. MoglidJn discorso di Felice Casorati. , p. 239.
2 A. Capelo, M. Ferrari & P. Moglid)n discorso di Felice Casorati. , p. 232.
® First Volume, Fratelli Fusi, Pavia 1868. The setwalume was never published.

4 Opere matematiche di Eugenio Beltrarhioepli, Milano 1902-1920, 4 vols, U. DimQperg UMI,
Cremonese, Roma 1953-1959, 5 vols, G. Pgapere scelteUMI, Cremonese, Roma 1957-1959, 3 vols.
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Bologna and then, in 1864, he obtained the chaBexdesy at the University
of Pisa, where he formed a friendship with EnricettBand met Bernhard
Riemann. Beltrami devoted himself to differentisdognetry, following on
from the works of Lobachevsky, Gauss, Riemann aungjiLCremona. He
translated into Italian the work by Gauss on cami@rrepresentation and he
studied the problem of establishing when it is gmedo represent a geodetic
of a surface by means of a rectilinear segmenheiplane: he discovered that
it was possible only for surfaces with constanvature.Riemann’sHabilita-
tionsschrift regarding the hypotheses which form the basiggedmetry,
deeply influenced Beltrami, who, in 1868 releasednhost famous work: the
Saggio sopra un’interpretazione della geometria muelidea in which the
hyperbolic plane is represented inside a real drskhis article Beltrami also
provided a model of Lobachevskian geometry on daearwith negative
constant curvature (the pseudosphere, a surfag¥aed by rotating a tractrix
around its asymptote). In 1869 in his work entiflesbria fondamentale degli
spazi a curvatura costantde went into greater depth on the question by
demonstrating that Lobachevskian geometry coincigdied that of a surface
with negative constant curvature and provided,tier first time, a treatment
of Riemann’s spherical geometry in the languagelitierential geometry.
Beltrami’s model, later studied also by Felix Kldor the metric properties,
greatly contributed to the dissemination of Non-Eiean geometriés
Together with Cremona and Beltrami, Ulisse Dirs43—-1918) was one
of the leading Italian mathematicians in the 1a88 tentury. His extremely
original contributions were part of the researchrkvtat led to the critical
revision of the foundations of real analysis aslaslthe concept of integral.
His scientific publications range from the theorly tbe functions of real
variables, the theory of sets, differential geomefrsurfaces, to the theory of
differential equations and analytical functionsniDvas also politically active,
he held the post of Deputy and Senator and wasgawer, on several
occasions Vice President of the Upper Council ef Ministry of Education.
He studied under Betti and Mossotti at 8®uola Normale Superiora Pisa,
where he graduated in 1864 and began to publishvbiks on differential
geometry. The following year he specialized in ®amder Charles Hermite
and Joseph Bertrand. In 1866 he returned to Pisa&revhe was given a
teaching post of geodesy and higher algebra. Iri,1Bétti left his chair in
analysis and higher geometry preferring to takephpgsical mathematics.
Besides research work, Dini devoted himself to iéicaf revision of the
foundations of infinitesimal calculus, which hetésk during his lessons. In
1877 he was also given a chair in infinitesimalcahls and published a
famous treatise on the foundations of the theorfynétions of real variablés

' L. Boi, L. Giacardi & R. TazzioliLa découverte de la géométrie non euclidienne ayrseudosphére.
Les lettres de Beltrami & Holel, avec une intromuctes notes et commentaires critiquB&anchard, Paris
1998, R. Tazzioli,Beltrami e i matematici ‘relativisti’. La meccanica spazi curvi nella seconda meta
dell’Ottocentq Quaderni dell’'U.M.I. n. 47, Pitagora, Bologna 200

2 U. Dini, Fondamentiper la teorica delle funzioni di variabili realiT. Nistri, Pisa 1878. A book on
Fourier series and analytic expansions came outyeeos later: U. DiniSerie di Fourier e altre rappresen-
tazioni analitiche delle funzioni di una variabileale, Nistri, Pisa 1880.
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which collected the results presented in his usityeicourses and became the
first systematic exposition of the new ideas thateanbeing outlined in works
by Weierstrass, Heine, Hankel, Du Bois—Reymond,wach, Dedekind,
Cantor and Riemann. Dini’lBondamentiwere translated into German by J.
Luroth and A. Schepp and then, even 14 years tifeeftalian edition, as the
editors stated, it was still considered totihe only book of modern theory of a
real variablé.

The volume commencesith Dedekind’s theory on real numbers and the
gruppi di punti(Punkmengef Cantor), namely the concepts of sequence of
numbers, limit point, derived set, set of first asetond category, least upper
bound and greatest lower bound. There then follotkedheory of the limits
of sequences posed on rigorous bases, continudugaious types of discon-
tinuous functions, uniform continuity (with Cantetheorem as demonstrated
by Schwarz), Hankel's concept of pointwise disamntius and totally
discontinuous functions, derivatives and derivahiliintermediate value
theorem (correctly demonstrated), types of disowntly of the derivate
function, series ad series of functions, uniforrmwa@rgence and its applic-
ations to continuity, differentiability and intedpiity, Hankel's principle of
condensation of singularities, continuous everywhrit nowherederivable
functions,functions of bounded variation, oscillation of adtion, etc.

Following this there was a section on finite imdggpn which merits a
separate descriptibnThe condition for integrability of a bounded ftioa
over an interval, provided by Riemann in anothendas memoirUber die
Darstellbarkeit einer Funktion durch eine trigonam&che Reihepresented
in 1854 as higlabilitationsschrift had extended the definition of integral also
to functions that have a dense set of points afodisnuity. There followed
several works in Germany, Italy, France and Englaedtined to clarify and
extend Riemann’s ideas on integration. Hankel haonfezcred a
characterization to the discontinuities of a fuoctiand had deduced some
consequences — in part erroneous — on integralilaykel’s condition was to
remain a focus of attention for several years: agrtbe most important works
on Riemann integrability that were later publiskesl should remember those
by Darboux, Ascoli and Smith. In particular, Giukscoli, a Professor at the
Istituto Tecnico Superioréolytechnic) in Milan, published in 1875 a work
which gave a demonstration of a necessary anccairfticondition equivalent
to Riemann integrability, which sees the intervemtinot of oscillation
intended as an interval function, but as a poincfion. In hisFondamenti
Dini took up again and corrected Hankel's memaojr,iriiroducing the study

1 A second volume on the functions of several vdemtwas planned, but it was not published. The
functions of several variables, however, with theary of maxima and minima and Dini's famous theof
implicit functions, length of curves and surfaceas, differential equations and the other topias mmake up a
modern course on analysis were inserted into tmepteie course: U. Dinil.ezioni di Analisi infinitesimale
Nistri, Pisa,volume 1: Calcolo Differenzial@d907),Volume Il. Calcolo Integral¢1915).

2 see P. NalliEsposizione e confronto critico delle diverse deiimi proposte per l'integrale definito di
una funzione limitata o noreprinted in: P. NalliOpere scelte U.M.I, Vizzi, Palermo 1976, G. Lettd,e
condizioni di Riemann per l'integrabilita e il lorimflusso sulla nascita del concetto di misuna Rendiconti
dell’Accademia Nazionale dei XI8, 1/1994, pp. 143-169.
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of punteggiate discontinuas he called discontinuous functions on a nowhere
dense set of points considered by Hankel. Dini'skmeas also noticeably
influenced by Cantor’s ideas on point sets andiqdatrly on the use of the
topological notion of derived set and set of ficstegory. While Dini was
quite clear on the difference between meagre seyhere dense set and
negligible set, some confusion may be found inwioeks of his contempor-
aries, Du Bois—Reymond and Harnack. Cantor, himselthe first of a long
series of articles on transfinite numbeasd in a successive work in 188

a new general principle of the condensation ofidengfies of functions, gave
Dini the credit for having developed the concepti@fived set by placing it at
the basis of important generalisations of well-knamalytical principles, as
well as having clarified Hankel's condition. Dinntroduced interesting
criteria of integrability, such as the one whichtes that the set of discontin-
uity points forms a negligible set. Continuing thiee of research, one of his
pupils, Vito Volterra who was to become famous, anwork of 1881,
presented an example of a nowhere denseegligible set to complete Dini’s
discussion as well as new criteria of integrabilityough use of jump
function.

The much celebrated Giuseppe Peano (1858-1932)nd=elto the
generation after Brioschi, Betti and Casorati, big formation took place
outside the schools of Pisa and Pavidhen comparing his position on the
foundations of real analysis with that of his men@enocchi, the influence of
the German school clearly emerges (WeierstrassB@s Raymond, Dede-
kind). The relationship between research and tegokas strengthened in the
second half of the 19 century since studies on the foundations of
mathematics affected the structure of elementadyrégher treatises.

Genocchi, professor of integral and differentialcalus at the University
of Turin, had himself renewed the teaching of caisun the light of modern
research. The influence of the French school wasraléy stronger in Turin
than elsewhere and Genocchi, who was open to Eanopdture particularly
through his epistolary contacts with the most intgar mathematicians of the
day, had introduced innovations to his course winabk greatly influenced by
Cauchy'sCours d’Analyseand other texts by C. Hermite, E. Hoppe, and J.
Houel. If this was considered progress comparethéoprevious situation,
which was dominated by the Lagrangian tradition imgkit difficult to
introduce Cauchy’s methods, further renewal magd®n to be brought in by
Giuseppe Peano, Genocchi's assistant, who sulestitutn in the teaching of
infinitesimal analysis over the years 1882-1883mwG&nocchi was taken ill.
Linked to these lessons was the famous counterdrafopnd by Peano in

! G. CantorUber unendliche, lineare PunktmannichfaltigkeilenMathematische Annaletb, 1879, p. 1.

2 G. cantorUber ein neues und Allgemeines KondensationspriteifSingularitaten von Funktionén:
Matematische Annalet9, 1882, pp. 588-594.

% H. C. KennedyLife and Works of Giuseppe PeaReidel, Dordrecht 1980.
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concomitance with Schwarz, which demonstrated tmedequacy of the
definition of curved surface area provided by Srre

Thus there arose a treatise with very particidatures, rich in historical
and critical notes in which commonly accepted rkissawere corrected and
counterexamples presented which were to becomsicla¥he work was
destined to become a reference point for successigatises which
Pringsheim inserted among the best textbooks amieaf. Among the issues
clarified as far as the foundations of mathemataralysis were concerned,
we may mention the many counterexamples on theergewnce of numerical
series, the properties of functions continuousesivdble over an interval, the
formula of the remainder in a series expansion, ékehange of order of
differentiation in mixed partial derivatives

The structure of the course was changed and thee rapecifically
algebraic contents were eliminated to leave moeeesgo topics typical of
mathematical analysis, the theory of limits of reatiables, continuous func-
tions, derivates, series, series expansions amessarfunctions, functions of
several variables, maxima and minima, functionscomplex variables,
indefinite and definite integrals. Among the modauthors quoted we find:
Dedekind, Cantor, Heine, Harnack, Hoppe, Lipschidz, Bois—Raymond,
Lejeune-Dirichlet, Jacobi, Pasch, Pringsheim, Vg¢&iass, Riemann,
Schwarz, Schlémilch, Stolz, Wiener, and Baltzer. ohg those of French
nationality we find Cauchy, Darboux, Bouquet, HeaamiHouel, Jordan,
Terquem, and Serret, but the last mentioned bespgaally criticised by
exposing examples of his inexactness, thus givisgto controversy such as
that with Philippe Gilbert. Criticism was also dited at Hermite and Sturm.
Among the ltalians Ulisse Dini was particularly ¢ed, but also Volterra,
Tardy, Fergola, Faa di Bruno, Bellavitis, and astfee English, Cayley and
Thodunther.

Research on the foundations of analysis continuigd the successive
treatise calledApplicazioni geometriche del calcolo infinitesimglE887) in
which, among other things, a new definition of m@asand measurable set
was introduced, which changed thghalt theory of the German authors
(Harnack, Du Bois—Reymod, Stolz, Cantor) and whighuld then also be
developed by Jordan. Moreover, the functions of setre studied and the
theory of quaternions was explained. An aspect e&nB’'s modernity
concerned the use of the concept of the least uppend (imite superiorg:
this concept originates from the research carriedby Weierstrass on the

! See M. T. BorgatdGiuseppe Peano: tra analisi e geometiiaPeano e i fondamenti della matematica
Accademia Nazionale di Scienze Lettere e Arti didéioa, Modena 1992, pp. 139-169.

2 A. GenocchiCalcolo differenziale e principii di calcolo intemje, pubblicato con aggiunte dal Dr Giu-
seppe Peandocca, Torino 1884.

% See A. PringsheinGrundlagen der allgemeinen FunktionenlelimeEncyklopadie der mathematischen
WissenschafterBd. 2:Analysis Teubner, Leipzig 1899-1904, Il A 1, pp. 1-53.

4 See Peano’s letters to Genocchi and Jordan relatbese topics in: M. T. Borgatalcune lettere inedi-
te di Peano a Genocchi e a Jordan sui fondametitadalisi in: Angelo Genocchi e i suoi interlocutori scienti-
fici, (eds) A. Conte & L. Giacardi, Centro Studi peBtaria dell’'Universita di Torino, Torino 1991, ppl—97.
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properties of continuity of real numbers, whose starction, as is well—
known, starting from rational numbers, was realibgdvarious authors with
different constructions around the year 1872. Pesa® the first to use the
concept of least upper bound (or supremum) as thet or every key

definition in the theory of functions of real vaslas: in the definition of

measure of a set, length of a curve or integraa déinction. However the
French mathematician Camille Jordan, with whom Besimares merit for
introducing the homonymous measure theory, contitaause the concept of
limit, which always requires a demonstration ofeifgstence, at least to justify
that definition.

In 1888 the influence of Grassmann’s work is entdEnd declared in the
title of the new treatise o€alcolo geometrich in which a calculus of
geometric entities was constructed analogous taltpebraic one and in the
language of theAusdehnungslehréhe fundamental results of infinitesimal
calculus were translated. The first part explaims operations of deductive
logic which mark the beginning of Peano’s reseawohthe application of
mathematical logic (reference to Hamilton, CaylBpole and Grassmann).
1890 saw the translation into the language of thettors of his definition of
the area of a curved surface. In 1889 there wasptiidication of his
celebratedArithmetices Principiawhich contained the axiomatisation of
natural numbers (Peano Axioms), the credit for WwhiReano shared with
Dedekind. Within the context of topological questions oé tteal line origin-
ated by the German school (Weierstrass, Cantoaiticplar) may be placed
the most celebrated product of Peano’s researcthignfield, the famous
Peano’s curve, the first example of space—filliagve which is crucial to the
theory of dimension — developed by Cantor and Eugetto — rectificability
and quadratufe

In conclusion, the first forty years after the figation brought Italian
mathematics to the highest levels in the world.cTmwn this success thé'4
Congress of Mathematics held in 1908 in Rome securgernational
recognition, being second only to those held inicu(1897), Paris (1900)
and Heidleberg (1904). The best achievements had gained between the
two centuries by Volterra and Arzela in analysiastelnuovo, Enriques, and
Severi in geometry, but the first most difficulegs were accomplished by
Betti, Brioschi, Cremona, Casorati, and Beltramrimiy the first decade of
United Italy*.

! G. PeanoCalcolo geometrico secondo I'’Ausdehnungslehre dbthssmannBocca, Torino 1888.
2 G. PeanoArithmetices Principia, nova methodo exposiacca, Torino 1889.

% G. PeanoSur une curve qui replit toute une aire planeMathematische Annale®6, 1890, pp. 157—
160. On Peano see also E. LuciaReano docente e ricercatore di analisi 1881-198.D. Thesis, Universita
di Torino 2008 and E. Luciano & S. C. Roefd, Peano matematico e maesttdniversita di Torino, Torino
2008.

4 A. Guerraggio & P. NastasRoma 1908: il Congresso Internazionale dei MatechaBollati Borin-
ghieri, Torino 2008.



